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Abstract 

We present a q-difference realization of the quantum superalgebra U g (sl(M\N)), 
which includes Grassmann even and odd coordinates and their derivatives. Based 
on this result we obtain a free boson realization of the quantum affine superalgebra 
Uq(sl(2\l)) of an arbitrary level k. 
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1 Introduction 



Free field realization is the most useful tool for studying representation theories of in- 
finite dimensional algebras and their application to physics such as calculation of cor- 
relation functions. The Virasoro and afline Lie algebras are investigated extensively by 
this method|§. Quantum deformation (g-deformation) of these algebras are also studied 
[|7|, |6], £|, 0. The aim of this article and its continuation H is to generalize these to super- 
algebra cases, which will help us to study physical systems with superalgebra symmetries 
such as supersymmetric t-J model, to construct a supersymmetric quantum deformed 
Virasoro algebra, etc. A free boson realization of U q (sl(M\N)) has been obtained for a 
level one|J but not yet for an arbitrary level k. To obtain a free boson realization of 
Ug(sl(M\N)) with an arbitrary level (Wakimoto module), we first consider a g-difference 
realization of U q (sl(M\N)), because for non-superalgebra case the g-difference realization 
of U q (slN) on the flag manifold|J helped us to construct the free boson realization of 
U q (sl]sf) 0. Next we try to construct a free boson realization of U q (sl(M\N)). At present 
we have obtained it for M + N < 3. In this article the result for (M, N) = (2, 1) is given 
for simplicity. 

After recalling the definitions of U q (sl(M\N)) and U q (sl(M\N)) in section 2, we present 
a g-difference realization of U q (sl(M\N)) in section 3. In section 4 we give a free boson 
realization of U q (sl(2\l)) with an arbitrary level k. 



While preparing our draft, we received ref. [10], where Kimura obtained a g-difference 



realization of U q (sl(M\N)). We will comment on it at the end of section 3. 



2 U q {sl{M\N)) and U q (sl(M\N)) 

First let us recall the definition of U q (sl(M\N)) (M, N, M + N - 2 > 0)@]. We take the 
Cartan matrix of sl(M\N) as a^- = (ui+Ui+ijSij—ViSij+i—Ui+iSi+ij (1 < i,j < M+N—l), 
where z/, is 1 for 1 < % < M, —1 for M + l<i<M + N. The quantum Lie superalgebra 
U q (sl(M\N)) is defined by the Chevalley generators tj = q hi (invertible), ef = e iy e~ = fa 
(i — 1, ■ ■ ■ , M + N — 1) with the relations, 

Utj^tjU ([h i ,h j ]=0), (1) 

Ueftr 1 = q ±a ^ef ([h t , ef] = ±a tJ ef), (2) 

[ei,fj] = Si,j[hi\, (3) 

[ef, [ef, ef} q -i] q = for |a -| =l,i^M, (4) 

[ e M) [ e M+l? [ e M) ^-l]?- 1 ]^] = 0' (5) 
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where [x] = (q x - q~ x )/{q - g^ 1 ), [A, B} ( = AB - (-1)^ B ^BA, and [A, B] = [A,B\ X . 
Here | • | stands for Z2-grading (Grassmann parity) (|ef f | = 1 and for otherwise). 

Next recall the definition of the quantum affine superalgebra U q (sl(M\N)) in terms 
of Drinfeld generators, E^ % = E l n , E~> 1 = F % n in G Z), H % n (n G Z^o), invertible K{ 
(1 < i < M + N — 1) and invertible 7 ||. Their Z2 gradings are 1 for E^' M and zero 
otherwise. The relations are 

7 : central element, (6) 

Hi] = 0, K^K- 1 = q^Efr*, (7) 
1 7 " _ 7 ~™ 

K^m^-ki^ — <W OT , , ( 8 ) 

n g — q 1 

[Hi E^] = ±^[ aij n}j^E^ m , (9) 

[E+>*, Etf\ = -^- T ( 7 I(— )^ >n+m - 7^ m) ^,„+ m ), (10) 

[-E^+i,-E^ J ] g ±^ + [E^l^ E^ l ] q ± a , 3 = 0, (11) 

[Et'\E±j}=0 for ay = 0, (12) 

[£± 2 '\ fi^-i], + (m <- n 2 ) = for \ aij \ = l,i^M, (13) 

[<' M , K M+1 , [E±f, Ep M -\-,) q ) + ( ni - n 2 ) = 0, (14) 

where ip± n is defined by 

£ Vl,^- n = ^f 1 exp(±(g - g- 1 ) £ ^~»). (15) 

neZ ±«>0 

Let ifg t> e defined by 

^ = exp((g-g^)I^), (16) 

then above relations hold for H % n (n G Z) (in the case of n = 0, ^* should be understood 
as lim n ^ -*). Fields H l (z), E ±)% (z) and ip±(z) are defined by 

H\z) = £ W n z' n ~\ E^(z) = £ \ V4(*) = £ (17) 

n€Z neZ neZ 

3 g-Difference realization of C/ g (s/(M|AT)) 

In ref.0 U q (sIn) was realized by g-difference operators in flag coordinates. We extend it 
to the super case. 

Let Xij (l<i<j<M + N) be variables with Grassmann parity UiVj and set 
= x i,jai~- For 1 < i, j < M + N - 1, we define h u e M , e M > (1 < %' < i - 1), fj r 



3 



(1 < f < J - 1), fh and ff d , (j + 2 < f < M + N) as follows: 

i-l M+N 

hi = - ^(vi+i&jj+i - + Ai - (i/j + - XI (vrfij ~ ^+i^+ij)j(18) 

j=l j=i+2 

e M = -J_[^ ii+1 ] g -Ei=i("i + i^ + i-^), (19) 

2-i,i+l 

<V = [^'.i+i]?"^ 1 ^ 1 ^ 1 "^, (20) 
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M+N 



m=j+2 



1 



(22) 
(23) 



where, for Grassmann odd variable x, the expression - stands for the derivative - — 

' ' r x x ox 

Proposition 1 The following (i) and (ii) realize U q (sl(M\N)): 

i-l j-1 M+N 

(i) //,, <, <,., • fi = T, + & - E &" ( 24 ) 

i'=i j'=i i'=i+2 

i-l i-l M+N 

(ii) ^, ei = e M +^e M /, fj = VjJ2fj,j' + fj,j- iy i+ 1 £ ( 25 ) 

i'=i i'=i i'=i+2 

Proof: Direct calculation shows this proposition. For reader's convenience we present 
some intermediate steps; 



[e M ,4,] = [e M ,^,] = [e M ,,^] = 0, (26) 

M+N _ 1 

[e M ,/U =<Jij[Ai-(l/ i + I/ i+ i)^ )i+ i- £ Mi.m-^+l^+l.m)]?-^^ 1 ^ 1 -^' 

m=j+2 

1 



+^ij+l z/ i2 ; i-l,i [^i,i+l 



*^i,i+l 

■ ^^~J(i'i+ii)«,i+i-i'ii><,i)+Ai-i-i'i-n)j-i,i-^^ 1 (i'i-iii-i, m -i'jt>i, ra ) 



(27) 



[ej,i', = kjk'j'V&i'&i't - Vi+i$i>,i+i]q 



■X)J=i 1 ( i/ «+ i ^.*+i -i '«^.*)+Z)J=i'+i( i '*+ i ^.*+i -i '«^.*) 



X j+l,i+l 



xq 



ELl( , 'i+l''<,i+l- 1 'i''<,i)+ J r , 'i+l''i,i+l-E m=i+1 ( 1 'j''j>- 1 'i+l''3+l,ra) 



(28) 



(29) 



Using these results and the formula 

1=1 1=1 

we have 

i-l j-1 i-1 M+N 

i'=l j'=l j'=l j'=j+2 

where e = z^, z/j and e' = z/j, (four choices). 

Remark 1 (ii) is obtained from (i) by replacement j and e { — ► z^+ie- 

Remark 2 Recently Kimura obtained a similar result 1 10]. He uses the following /j 
instead of /, 



(30) 



(31) 
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J J' 



AI+N 



m=j+2 



(32) 



It can be checked that /j 2 = /?•. Therefore Proposition 3 in ref.JTt]] agrees with our (ii) 
(Note that x^ imura = Xij+x and we have replaced q by q^ 1 such that the realization for 
N = case, U q (sl(M\0)) = U q (sl M ), reduces to the result in H). 



4 Free boson realization of U q (sl(2\l)) 

In ref. 0, on the bases of a g-difference realization of U q {sl^), a free boson realization of 
U q {slfir) was obtained. Here we try to generalize it to the U q (sl(M\N)). 

Let us introduce oscillators and coordinates a l n , Q l a (n € Z, 1 < i < M + N — 1), b l j, 
and c*jf, Q*- 7 (n 6 Z, 1 < i < j < M + N), which are all Grassmann even operators 
and satisfy the following relations, 

K> a m] = ^[(k + g)n\[a i:j n\8 n+mfi , [a l n ,Q 3 a ] = (k + g)a i:j 5 n0 , (33) 

[OSI = -v^~[n] 2 ^'^"5 n+mj0 , [blQl j '} = -v l v J 5 ii '5"'5 n(h (34) 

[c«c£'] = i[n]W'"'<Wm,o, [c^ ] = (TV'Xo, (35) 

and other commutators vanish. Here g = M — N and A; is a complex parameter. For a 
pair of oscillator and coordinate (a n , Q), we define boson fields a(z) and a±(z) as follows: 

<*) = ~ E rr^ n + Q + a log z, (36) 
a±(z) = ±((g-g _1 ) ^ a n z~™ + a logg). (37) 

±n>0 
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Normal ordering : : is defined as follows; move a n (n > 0) to right, a n (n < 0) and Q to 
left, and arrange the zero modes e ±( ^b with u^Uj = —1 in lexicographic ordering for (ij). It 
is well known in CFT that when we bosonize many fermions we have to introduce cocycle 
factors such that different fermions anticommute. In our case cocycle factors are needed for 
:e ±b'i(z) . with j/.j/j _ — i But we suppress them by modifying the commutation relation 
for Q l j with v(Uj = —1; set [Q^, QfJ } = in, then we have a minus sign by interchanging 
operators e ±Q b , e eQ b e e ' Q b J = —e 6 '®* 1 e eQ b iviUj = Vi>vy = —1, ^ (z', j') , e, e' = ±1). 
For example, for (M, N) = (2, 1), : e Q ^e Q " : = : e Q f e Q f : = e Q fe Q f = -e Q l" e Q f . 

In the following we restrict ourselves to (M, N) = (2, 1) case. Let us define fields 
H^z), E\z) and F\z) (i = 1,2) as follows: 

H\z) = 1 ( a \(qh) + b 12 {q^z) +b 12 {q^ +2 z) + b^{q^ 2 z) -b^iq^z) 

[q — q L )z v 

-a l _(q-h) - b l2 (q-^z) - b 12 {q-^ 2 z) - b lz (q~i- 2 z) + ^(q'^z)) , (38) 
R\z) = J - (a 2 + (qh) - b 12 (q^z) - bStf+h) 

-a 2 _(q-h) + b l2 {q--*- l z) + b n (q^ z )^ (39) 

- ~* : f eil e b i 2 W-(Hc)"(«.) _ ei3e «? W-M^^V ( 40 ) 
(g — g _1 )-2 v y 



EHz) 



F l (z) = ■ (f lie a \^^z)+ bl +(q k+2z )+ b +(q k+2z )- b +^ 

(a — n 1-1 ") 7. V 



#( z ) = : (ejne-^^J-^W+^h*) + e 22 e( fc+c ) 12 ^ +6l3 W) :, (41) 

1 /„ „w„^. 

{q-q~ l )z 

fc + 1 

-/i2e a - (<? — ^ z )+ fe - 2 (9~ fc ~ 22 )+ b - 3 (9" fc " 22 )- 623 ('?~ fe ~ 1 - z )+(''+ c ) 12 (9~ fc " lz )^ ■ (42) 

if - p a+ (q^ z)-b 2 Hq k+1 z)~b rA (q k + 1 z)+b 2 ' i {q k + 2 z) . 



fc+i 



_y 23e ai(q 2-2)-fei 2 (q- fe - 1 2)-6L 3 ( (3 -' : - 1 2)-(6+c) 12 ( g - fc z)-fe 13 ( ( }-' i: 2) ^g-j 

+/ 24 e a 



fe+1 

= a 2 (9 2 _ 2)-fel 2 (q- fc - 1 2)-6^ 3 (g-' ; - 1 2)-(b+c) 12 ( g - fc - 2 2)-b 13 ( (/ -' i; 2) 

where en, ei 2 , e 2 i, e 22 , fn, /i 2 , fi3, hi, fw, hs, /a4 are some constants. From 
have 

*g-*N + 6^ 2 g- ( § +1)|ri| (g |ri1 + <T H ) + ^V (|+2)W - ^-(f+DM, (44) 

L2 g -(f+l)N_ 6 13 g -(| + l)|n| ; (45) 

"i 3 , K 2 = q a o- bl o 2 - b o\ (46) 

4 2 ( g ±fc 2)+6^ 2 (g±( fc + 2 )2)+6i 3 (g ± ('=+ 2 )2)-; ) 2 t 3 ( (? ± ( fc + 1 )2) /^s 
4 2 (g±( fc + 1 )2)-fel?(q±( fe + 1 )2) /^gX 





= alq-^ - 




= a 2 n q-^ n \ - 


#1 






+ k + i 

= e a ^ ^ 


if^Kq^z) 


2 / ±*±i 
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Proposition 2 If f n , /12, fa, /21, jfa, /us, /24 satisfy 

1 1 g fc+1 e 2 i g qe 12 1 e 12 



(/ll) /l2, /l3j /21, ^22, ^235 /W) 



en d2 e u e 22 e 2 i ene 2 i e 22 e u e 2 2 

k 



then eqs. reafee £/,(s/(2|l)) wift 7 = q k . 

Proof: Straightforward OPE calculation shows this proposition. For useful formulas, see 
ref.[[| (some modifications are needed for with z/jZ/j = — 1.). I 
Remark Choices en = ei2 = e2i = e22 = 1 may be important. Two of them, e.g. en 
and 621, is just a normalization of F l, s. When en = e22, screening currents exist. 

At present it is not clear that what choice of en, ei2, e2i, e 2 2 is most natural. Perhaps 
it will be clarified by finding general formula for U q (sl(M\N)). This problem is now under 
investigation. For M + N < 3 realizations have been already obtained. The Cartan part 
H 2 (z) for general M and N has also been obtained [f| and we hope that we will be able 
to report a full answer. 
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